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• A nonlinear economic cycle model under random disturbance is studied.
• The model consists of the linear, quadratic, cubic terms of income change rate.
• A path integration method is adopted to obtain the PDF solution of the model.
• The obtained results are in good agreement with the simulation results.
• The nonzero mean PDF is formulated in the stationary and nonstationary cases.
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a b s t r a c t

Stochastic mechanics is widely applied in the field of economics and econometrics. One
important application is to study economic fluctuations in economic cycle theory. However,
nonstationary response of nonlinear economic cycles with random disturbance is less
investigated. This paper is devoted to studying the nonstationary response of a nonlinear
economic cycle model. First, a nonlinear economic cycle model is developed according to
the Goodwin model and the Puu nonlinear economic cycle model. Gaussian white noise
is regarded as a spontaneous function in the developed nonlinear economic cycle model.
Then, a path integration method is adopted based on Gauss–Legendre scheme and short-
time Gaussian approximation for obtaining the nonstationary probability density function
(PDF) of the nonlinear economic cycle model. The obtained results are verified by the
simulation result. Finally, the evolution of the nonstationary PDF is studied in detail in
the numerical analysis. The effects of system parameters are compared and discussed. The
results show that the addition of the quadratic term of income velocity leads to the nonzero
means of the PDFs of income and income velocity. Due to the presence of the quadratic and
cubic terms, these PDFs have non-Gaussian distributions.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Stochastic mechanics has many important applications in the field of economics and econometrics, such as the analysis
of the market efficiency of baltic stock markets [1], the extreme behavior of foreign exchange rates [2], the trading volume
on the stock market credibility [3], or the economic growth with stock networks [4]. One important application is to study
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economic fluctuations in economic cycle theory. In this regard, nonlinear dynamical systems are used to model endogenous
economic fluctuations. Unlike linear systems addressing the equilibrium of the economic systems in the Neoclassical
economic theory, nonlinear dynamical systems are more related to the Keynesian endogenous cycle theory concerning
economic fluctuations. Goodwinwas among pioneers to adopt nonlinear cyclemodels to study the role of lags and of secular
evolution [5]. The Goodwin model consisted of consumption function, investment function and their identity. After that,
many experts advanced the Goodwin model for better explaining or predicting some complex economic cycle phenomena.
Puu and Sushko developed a linear-plus-cubic shape for the investment function with the additional feature of being
backward-bending [6]. This improvement can consider the role of the public sector. For example, some governments tend
to distribute infrastructure investment counter-cyclically, either as a means to fight depressions, or as a means to profit
from lower input prices during slumps. Alternatively, Chian et al. adopted the van der Pol differential equation to model the
nonlinear dynamical response of business under a harmonic exogenous force [7]. They introduced the forcing function to
model the complex interdependence between an individual national economy and the international economy.

In recent years, the response of the nonlinear economic cyclemodel in randomenvironment has attractedmuch attention.
Li et al. established a stochastic dynamical economic cycle model [8], including the consumption function developed by
Goodwin [5] and the investment function proposed by Puu and Sushko [6]. They also proposed that random or uncertain
factors should be considered in a dynamical economic cycle model. And then they added an autonomous function using
a stochastically parametric Gaussian white noise on income. The stochastic stability and bifurcation analysis were further
conducted on the joint stationary probability density of generalized displacement. Later, Li and Li considered new economic
and money policies, unexpected political and nature events as discrete events which are modeled by discrete Poisson white
noise [9]. Then, they studied the dynamical response of a nonlinear economic cycle model under Poisson white noise
excitation with stochastic averaged method. Tran et al. also developed a generalization of the Goodwin–Lotka–Volterra
models with noise [10]. Their results showed that the presence of noise resulted in a large energy on trajectories and a
long period of economic cycles.

On the other hand, the nonstationary response of nonlinear dynamical systems under random disturbance has been a
challenging topic, especially for the probability density function (PDF) of these nonlinear dynamical systems. Many relevant
problems have to be solved by numerical methods [11]. For instance, Sun and Hsu proposed a generalized cell mapping
method for the nonstationary PDF in nonlinear randomvibration [12]. Spencer and Bergman applied a finite elementmethod
for the nonstationary PDF solution of the transient Fokker–Planck–Kolmogorov (FPK) equation [13]. Several systems were
examined, including linear, Duffing, and van der Pol systems. Köylüoǧlu et al. employed a path integration method to study
the nonstationary PDF of nonlinear systems under Poissonwhite noise [14]. Yu et al. developed a path integration procedure
based on the Gauss–Legendre scheme for obtaining the nonstationary PDF of nonlinear systems [15]. Zhu extended the path
integration procedure to studying the nonstationary PDF of a van der Pol–Duffing oscillator under Gaussianwhite noise [16].
Jin and Huang used the stochastic averaging method to establish the associated FPK equation governing the nonstationary
PDF of amplitude [17]. After that, the approximate solution of the nonstationary probability density of amplitude is obtained
by applying the Galerkin method. Bucher et al. extended a path integration method to determining the reliability function
and first-passage time PDF of nonlinear oscillators under Lévywhite noise [18]. Paolinelli andArioli developed a path integral
based model to analyze the probability distribution of prices [19].

As above described, the nonlinear economic cycle can be deeply investigated with the help of stochastic mechanics.
Furthermore, quite a few of random or uncertain factors exist in the nonlinear economic cycle, in which more relevant
studies are still needed. Therefore, this paper is devoted to studying nonstationary response of a nonlinear economic cycle
modelwith randomdisturbance. First, based on theGoodwinmodel and the Puunonlinear economic cyclemodel, a nonlinear
economic cycle model with a spontaneous function of Gaussian white noise is developed. A path integral method, based on
Gauss–Legendre schemeand short-timeGaussian approximation, is adopted to obtain thenonstationary PDFof the nonlinear
economic cycle model. The evolution of the nonstationary PDF is studied in detail in the numerical analysis. The effects of
system parameters are investigated, especially for the effects of the quadratic term of income velocity.

2. Economic cycle model

Sushko et al. followed the methodology of Goodwin on the establishment of an economic cycle model [5,20]. They
assumed that the investment function can be expressed by a nonlinear function of incomes as follows

It = I0t + ν((Yt−1 − Yt−2) + µ(Yt−1 − Yt−2)2 − (Yt−1 − Yt−2)3) (1)

where It is the current investment; I0t is the spontaneous investment; ν is the capital output ratio (ν > 0); Yt , Yt−1 and Yt−2
are current income, pre-income and prior income, respectively. Sushko et al. proposed that the linear, quadratic and cubic
terms of the difference between pre-income and prior income be included to simulate a generic nonlinear impact of incomes
on the investment. This can simulate the countercyclical investment of the government on public infrastructure to resist the
economic depression and benefit from lower investment during the period of great decline.

At the same time, the consumption function can be expressed as follows

Ct = C0t + (1 − s)Yt−1 + εsYt−2 (2)
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where Ct is the current consumption; C0t is the spontaneous consumption; s is the added saving rate (0 ≤ s ≤ 1); ε is the
prior saving rate (0 ≤ ε ≤ 1). In a closed economic system, income equals the sum of investment and consumption.

Yt = It + Ct

= ν(Yt−1 − Yt−2) + νµ(Yt−1 − Yt−2)2 − ν(Yt−1 − Yt−2)3 + (1 − s)Yt−1 + εsYt−2 + O∗(t) (3)

where O∗(t) = I0t + C0t denotes that the sum of spontaneous investment and it is only a time variable and it is independent
of Yt . It is a second-order difference equation. Accordingly, the dynamic response of the economic cycle can be formulated
in a difference form

Yt+2 − 2Yt+1 + Yt = (ν − 1 − s)(Yt+1 − Yt ) + νµ(Yt+1 − Yt )2 − ν(Yt+1 − Yt )3 + (ε − 1)sYt + O∗(t) (4)

The corresponding continuous differential equation is formulated instead of the above difference equation to describe its
dynamic response [8].

Ÿ + (1 + s − ν)Ẏ − νµẎ 2
+ νẎ 3

+ (1 − ε)sY = O∗(t) (5)

Eq. (5) also can describe the dynamic response of the economic cycle just like the second-order difference equation. Both
difference equation and differential equation can equivalently describe the behaviors of the dynamical system. After that,
quite a few methods can be easily adopted using the continuous differential equation to investigate the response of the
economic cycle. Furthermore, O∗(t) is treated with Gaussian white noise to model random disturbance in the economic
cycle. It is expressed as follows

O∗(t) = ζ (t) (6)

where its relevant expectations E[ζ (t)] = 0 and E[ζ (t)ζ (t + τ )] = Dδ(τ ). D denotes the excitation intensity of Gaussian
white noise and δ(•) is the Dirac delta function.

3. Path integration solution procedure

Following the path integration solution procedure presented in [16], Eq. (5) is first reformulated into a set of first-order
differential equations by letting x = Y and y = Ẏ{

ẋ = y
ẏ = −(1 + s − ν)y + νµy2 − νy3 − (1 − ε)sx + ζ (t) (7)

According to Eq. (7), Eq. (8) presents the associated FPK equation which governs the PDF of the response

∂q
∂t

= −y
∂q
∂x

+
∂

∂y
[((1 + s − ν)y − νµy2 + νy3 + (1 − ε)sx)q] +

D
2

∂2q
∂y2

(8)

where q = q(x, y, t|x(0), y(0), t0), namely the PDFof x and y from the initial state to the time instant t . Generally, the probability
of the initial state is given below [21]

q(x, y, t0|x(0), y(0), t0) = δ
(
x − x(0)

)
δ
(
y − y(0)

)
(9)

where δ(•) is still theDirac delta function. Due to the complicated formof the FPK equation, the explicit expression of its exact
solution is hardly obtained. Most work has to rely on some numerical methods. Herein, instead of solving the FPK equation, a
path integrationmethod is employed to numerically solve the Chapman–Kolmogorov equation for the PDF solution [18]. The
basic idea is that the discretization process is made in space and time, respectively. After that, the integral of the Chapman–
Kolmogorov equation becomes a summation procedure over the domains of space and time. In the summation procedure,
the short-time transition PDF between the previous state and the current state is a crucial issue. Sun and Hsu proposed that
the short-time solution to the FPK equation can be a good choice and the short-time solution is approximately a Gaussian
PDF [12]. The short-time transition PDF can be obtained by the short-time Gaussian approximation technique. The detailed
procedure is as follows:

The Chapman–Kolmogorov equation gives the PDF p(x, y, t) at a specified time instant evolving from the initial solution
p(x(0), y(0), t0) by an integral way as follows

p(x, y, t) =

∫
Ω

q(x, y, t|x(0), y(0), t0)p(x(0), y(0), t0)dx(0)dy(0) (10)

where Ω is the domain of x and y, which is of interest. When the duration is quite long, Eq. (10) is not easily solved exactly.
However, this integral can be reformulated by a sequence of N short-time intervals as

p(x, y, t) = p(x(N), y(N), tN )

= {

N∏
i=2

∫
Ω

q(x(i), y(i), ti|x(i−1), y(i−1), ti−1)dx(i−1)dy(i−1)
} ×
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Ω

q(x(1), y(1), t1|x(0), y(0), t0)p(x(0), y(0), t0)dx(0)dy(0) (11)

Therefore, the evolution of PDF can expressed by a sequence of short-time evolutions in each time interval. The integration
of PDF in each time interval is numerically conducted by the Gauss–Legendre quadrature integration scheme [15].

First, the space and time are discretized, respectively. The domain of x is divided into a number of sub-intervals with n
along x-direction and the one of y also hasm sub-intervals along y-direction. In each sub-interval, two Gaussian quadrature
points are used in the path integration procedure. In the kth interval along x-direction, the coordinates of the two Gaussian
quadrature points are given below{

xi = xL + 0.2113∆x
xi+1 = xU − 0.2113∆x

(12)

where i = (k − 1) × 2 + 1 and k = 1, . . . , n. ∆x = xU − xL is the length of each interval along x-direction. Herein, xL is the
lower boundary of the kth interval and xU is the upper boundary of the kth interval. In a similar manner, the two Gaussian
quadrature points along y-direction are also given as follows,{

yj = yL + 0.2113∆y
yj+1 = yU − 0.2113∆y

(13)

where j = (l − 1) × 2 + 1 and l = 1, . . . ,m. ∆y = yU − yL is the length of each interval along y-direction. Herein, yL is the
lower boundary of the lth interval and yU is the upper boundary of the lth interval.

It is noted that the associated weight of each integration point equals 1.0 in the Gaussian quadrature integration scheme.
In addition, this paper considers a time-invariant system, the time range can be uniformly divided into a number of time
steps. The Gaussian transition PDF of each time step can be constant, inwhich it is evaluated only once, stored and repeatedly
used for each step [15]. The uniform time step is denoted by ∆t . Eq. (11) is reformulated by a summation over the entire
domain at the (I − 1)th time step for the PDF p(xr , ys, I∆t) at the Ith time step given by Eq. (14)

p(xr , ys, I∆t) =
∆x

2
∆y

2

2n∑
i=1

2m∑
j=1

p(xi, yj, (I − 1)∆t)q(xr , ys, ∆t|xi, yj, (I − 1)∆t) (14)

where ∆x and ∆y are the lengths of sub-intervals along x-direction and y-direction as before, respectively.
In Eq. (14), the crucial issue is appropriate to formulate the transition PDF q(xr , ys, ∆t|xi, yj, (I − 1)∆t) in each short-

time step. In this paper, the transition PDF is assumed a Gaussian PDF obtained by the short-time Gaussian approximation
scheme [12]. In this approximation scheme, it is assumed that when the interval time is very small, the short-time solution
to the FPK equation is approximately Gaussian with an adequate accuracy. This assumption can be verified even in the case
of a much larger time interval.

The short-time Gaussian transition PDF of two variables (x, y) is formulated

q(xr , ys, ∆t|xi, yj, (I − 1)∆t)

=
1

2πσxiσyj

√
1 − ρ2

xiyj

× exp

{
−

1
2(1 − ρ2

xiyj )

[(
xr − mxi

σxi

)2

− 2ρxiyj

(
xr − mxi

σxi

)(ys − myj

σyj

)

+

(
ys − myj

σyj

)2
⎤⎦⎫⎬⎭ (15)

where m∗, σ∗, and ρ∗ denote the mean, standard deviation and correlation coefficient of (∗), respectively. Finally, the
probability density function evolution of Eq. (10), evolving from a specified initial condition, is numerically obtained by
solving Eq. (14) step by step.

In Eq. (15), themean, standard deviation and correlation coefficient are to be solved for xi and yj at the (I −1)th time step.
This assignment can be done by solving the moment equations of the dynamical system with the Gaussian closure method.
The moment equations associated with Eq. (7) are formulated as follows⎧⎪⎪⎪⎨⎪⎪⎪⎩

ṁ10 = m01
ṁ01 = −(1 + s − ν)m01 + νµm02 − νm03 − (1 − ε)sm10
ṁ20 = 2m11
ṁ11 = m02 − (1 + s − ν)m11 + νµm12 − νm13 − (1 − ε)sm20
ṁ02 = −2(1 + s − ν)m02 + 2νµm03 − 2νm04 − 2(1 − ε)sm11 + D

(16)



J. Zhao / Physica A 517 (2019) 409–421 413

Fig. 1. Comparison of the short-time Gaussian approximation (STGA) for the transition PDF (TPDF) withMonte Carlo simulation (MCS) in the first example,
∆t = 1.0 and the testing point (x = 1, y = 0.5): (a) TPDFs of x; (b) TPDFs of y.

where mij = E[xiyj]. However, there are some moments which order are higher than the second-order in Eq. (16), in which
the moment equations cannot be close. Therefore, the Gaussian closure method is adopted to express these higher-order
moments by using the first-order and second-order moments. The relationship between these higher-order moments and
the first-order and second-order moments is presented below⎧⎪⎨⎪⎩

m03 = 3m01m02 − 2m3
01

m12 = m10m02 − 2m10m2
01 + 2m11m01

m04 = 3m2
02 − 2m4

01
m13 = 3m11m02 − 2m10m3

01

(17)

After substituting Eq. (17) into Eq. (16), the resultingmoment equations can be close and they are solved by the fourth-order
Runge–Kutta algorithm with the time duration ∆t . The initial moments at the (I − 1)th time step for the algorithm are
formulated below

m(0)
= [m(0)

10 , m(0)
01 , m(0)

20 , m(0)
11 , m(0)

02 ]

= [xi, yj, x2i , xiyj, y2j ] (18)

Because theGaussian transition PDFhas a significant value only in the neighborhood of the starting point (xi, yj), the values
at other Gaussian quadrature points far beyond this region are insignificantly small, in which these values can be ignored in
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Fig. 2. Comparison of nonstationary PDFs in the first example at T = 10: (a) PDFs of x; (b) Logarithmic PDFs of x; (c) PDFs of y; (d) Logarithmic PDFs of y.

the path integration procedure. To save the computational efforts, the computationwork at theseGaussian quadrature points
with insignificant effects can be skipped [15]. In this paper, the selected destination Gaussian quadrature points around each
starting Gaussian quadrature point are within the range of µ± 5σ because the range covers almost the entire portion of the
Gaussian transition PDF.

It should be noted that in the Gardiner’s monograph, eigenfunction methods are proposed to find the conditional
distribution [22]. The conditional distribution can be expressed in terms of eigenfunctions. This proposed procedure also
can provide an alternative way for formulating the short time transition PDF (i.e., the conditional distribution) for the path
integration method instead of short time Gaussian approximation. In this direction, the eigenfunctions and time step need
to be determined in order to develop an adequate short time transition PDF, which is worth further investigating.

4. Numerical analysis

In the numerical analysis, two typical illustrative examples are further examined. According to Eqs. (5) and (6), the
parameters are selected as follows: ν = 0.1, s = 0.1, ε = 0.1 and D = 0.5. Furthermore, µ = 0 in the first example
and µ = 2 in the second example. In the first example, the quadratic term of y is not considered, but the effect of this term
is investigated in the second example. Besides, the domain of x is [−8, 8] and the domain of y is [−4, 4]. The numbers of
intervals along x-axis and y-axis are 40, respectively. The time step ∆t is taken as 1.0. The numerical results show that after
the total time T reaches 50, the PDFs of response insignificantly change. Therefore, it can be considered that the stochastic
response of the economic cycle model become stationary when T = 50. In this paper, the stationary PDF of the economic
cycle model is taken when T = 50.
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Fig. 3. Comparison of nonstationary PDFs in the first example at T = 30: (a) PDFs of x; (b) Logarithmic PDFs of x; (c) PDFs of y; (d) Logarithmic PDFs of y.

In these two examples, the initial PDF has a Gaussian distribution as follows

p(x(0), y(0), 0) =
1

2πσxσy
exp{−

(x(0) − µx)2

2σ 2
x

−
(y(0) − µy)2

2σ 2
y

} (19)

where µx = 1.0, µy = 1.0, σx = 0.5 and σy = 0.5.
In addition, the Gaussian transition PDF obtained with the short-time Gaussian approximation, the nonstationary PDFs

at time T = 10 and T = 30 are studied in detail using the path integration method as well as the stationary PDFs at time
T = 50. The obtained results are comparedwith the simulated results, respectively. The number of samples for the transition
PDF is 1 × 105. The one for the nonstationary PDFs is 5 × 105 and the one for the stationary PDFs is 2 × 107.

4.1. Example 1: the economic cycle model without the quadratic term

In this example, the quadratic term is not considered by setting µ = 0 in Eq. (5). First, the transition PDF obtained
with the short-time Gaussian approximation is studied. The time step is taken as ∆t = 1.0. The testing point is selected
as x = 1.0 and y = 0.5. Figs. 1(a) and 1(b) presets a comparison on the obtained transition PDFs between the short-
time Gaussian approximation(STGA) and Monte Carlo simulation (MCS). The obtained transition PDF with the short-time
Gaussian approximation is formulated according to Eq. (15). The agreement can be observed for the transition PDFs of x and
y. Therefore, the short-time Gaussian PDF with the time step ∆t = 1.0 can be used in the path integration method to study
the response evolution of the economic cycle model.

Next, the nonstationary PDFs of the economic cycle model are further investigated. Two typical time instants are selected
as T = 10 and T = 30. One is near the initial state and the other approaches the stationary state. Fig. 2 shows a comparison
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Fig. 4. Comparison of stationary PDFs in the first example at T = 50: (a) PDFs of x; (b) Logarithmic PDFs of x; (c) PDFs of y; (d) Logarithmic PDFs of y.

of the nonstationary PDFs at the time instant T = 10. The PDFs obtained with the path integration method (PI) are in good
agreement with the simulated results not only for the global distribution but also for the tail region. Because the economic
cycle model evolves from the initial state with nonzero means, the PDFs of x and y also have nonzero means as is shown
in Figs. 2(a) and 2(c). In such a case, they have an almost symmetric distribution. Similar manners can be observed in the
case of T = 30 (see Fig. 3). The good agreement with the simulated results is observed. However, the means of the PDFs of x
and y are already very close to zero. The PDFs at the time instant T = 30 approaches the stationary state very closely. This
conclusion can be verified in Fig. 4. Fig. 4 shows the stationary PDFs of x and y at the time instant T = 50. In this state, the
PDFs of x and y have zero means, respectively. The path integration method still work well in the case of stationary state.

4.2. Example 2: the economic cycle model with the quadratic term

In the second example, the quadratic term is added into the economic cycle model by setting µ = 2 in Eq. (5). Similarly,
the transition PDF is first investigated to verify the effectiveness of the short-time Gaussian approximation. The time step
still is taken as ∆t = 1.0. The testing point is the same as the one of the first example (x = 1.0 and y = 0.5). Figs. 5(a) and
5(b) shows that the transition PDFs obtained with the short-time Gaussian approximation agree well with the simulated
results. Therefore, the time step ∆t = 1.0 is adequate in the short-time Gaussian approximation to formulate the transition
PDF in terms of Eq. (15).

Next, the nonstationary PDFs of the economic cycle model are also studied in the presence of the quadratic term. In order
to make a comparison with the first example, two typical time instants are the same as the first time, i.e., T = 10 and
T = 30. When T = 10, the PDF distributions of x and v behave similarly like those of the first example at T = 10 as is
shown in Fig. 6. The nonstationary PDFs of x and y have nonzero means and they have an almost symmetric distribution.
When the economic cycle model continuously evolves, the PDFs of x and y further develops. Fig. 7 shows the distribution of
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Fig. 5. Comparison of the short-time Gaussian approximation (STGA) for the transition PDF (TPDF) with Monte Carlo simulation (MCS) in the second
example, ∆t = 1.0 and the testing point (x = 1, y = 0.5): (a) TPDFs of x; (b) TPDFs of y.

the nonstationary PDFs of x and y at the time instant T = 30. Significant difference from the first example is observed. The
nonstationary PDF of x and y still have nonzero means. This phenomenon is formulated due to the presence of the quadratic
term of income velocity. In Eq. (5), because only income velocity has nonlinearity terms and income has a linearity term, the
quadratic term of income velocity also results in the nonzero mean of the PDFs of income. This conclusion is also observed
in the stationary case. Fig. 8 shows the stationary PDFs of x and y have nonzero means at the time instant T = 50. In contrast
to the first example, the quadratic term of income velocity leads both income velocity and income to having nonzeromeans,
respectively. Compared with the simulated results, the path integration method provides a satisfactory PDF solution. The
nonzero mean of income also reveals that the nonlinearity of income velocity can affect the PDF distribution of income. If a
control is attempted on the PDF distribution of income, the control strategy can be applied not only to income itself, but also
to income velocity.

5. Discussion

In order to further study the effect of the quadratic term on the PDF distributions of income and income velocity, the
skewness and kurtosis of income and income velocity are compared in Table 1 whenµ = 0 andµ = 2. The results in Table 1
are obtained using the path integration method according to the conventional definition. The skewness is a measure of the
asymmetry of the PDF distribution of a random variable about its mean. In a similar way, the kurtosis is used to describe
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Fig. 6. Comparison of nonstationary PDFs in the second example at T = 10: (a) PDFs of x; (b) Logarithmic PDFs of x; (c) PDFs of y; (d) Logarithmic PDFs
of y.

Table 1
The skewness and kurtosis of Y and Ẏ in each example.

Items µ = 0

Skewness of Y Kurtosis of Y Skewness of Ẏ Kurtosis of Ẏ

T = 10 −0.2319 2.9210 0.0792 2.6149
T = 30 −0.0369 2.6027 0.0126 2.5863
T = 50 −0.0058 2.5961 0.0020 2.5856

Items µ = 2

Skewness of Y Kurtosis of Y Skewness of Ẏ Kurtosis of Ẏ

T = 10 −0.2310 3.1888 0.1173 2.6294
T = 30 −0.1475 2.7308 0.0716 2.6069
T = 50 −0.1266 2.6945 0.0640 2.6055

the shape of the PDF distribution, especially for the tail behavior. Furthermore, it is well known that the kurtosis of any
univariate normal distribution is 3 according to the conventional definition of the kurtosis.

As is shown in Table 1, the skewness of Y is nonzero in the two examples. At the event of T = 50, the skewness of Y is
−0.0058 in the case of µ = 0 showing a nearly symmetrical shape. Whereas, it is −0.1266 in the case of µ = 2 when T
reaches 50, which indicates the PDF of Y is significantly non-symmetrical. On the other hand, the kurtosis of Y at T = 10 is
about 3, i.e., nearly Gaussian in the two examples. This is because the term of Y is linear and the initial PDF has a Gaussian
distribution (Eq. (19)). The PDF of Y at the early stage keeps nearly Gaussianity. As time evolves, the kurtosis of Y gradually
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Fig. 7. Comparison of nonstationary PDFs in the second example at T = 30: (a) PDFs of x; (b) Logarithmic PDFs of x; (c) PDFs of y; (d) Logarithmic PDFs
of y.

reaches about 2.6, in which Y departs a lot from being Gaussian. For income velocity Ẏ , the skewness of Ẏ is also nonzero
in the two examples showing a little non-symmetrical PDF distribution. In contrast to Y , the kurtosis of Ẏ is around 2.6 in
the cases of T = 10, 30 and 50, respectively. It shows that the PDF of Ẏ quickly becomes significantly non-Gaussian once Ẏ
starts from the initial state.

In a word, the skewness is nonzero and the kurtosis differs significantly from 3. The PDFs of income and income velocity
have non-Gaussian distributions. These phenomena are due to the presence of the quadratic and cubic terms.

6. Conclusions

A path integration method is extended to studying the nonstationary PDF of a nonlinear economic cycle model under
random disturbance. According to the Goodwin model and the Puu nonlinear economic cycle model, a nonlinear economic
cycle model is developed including the nonlinearity terms of income velocity and a linear term of income. Gaussian white
noise is taken as random disturbance in a spontaneous function in the developed nonlinear economic cycle model. In order
to study the PDF evolution of the nonlinear economic cycle model, the path integration method is adopted. The Gauss–
Legendre scheme and short-time Gaussian approximation are used to formulate the nonstationary and stationary PDFs of
the nonlinear economic cycle model. The transition PDFs, nonstationary PDFs and stationary PDFs are further studied in
the numerical analysis. The effects of the quadratic term of income velocity are considered. The numerical analysis shows
that the obtained PDFs with the path integration method agree well with the simulated results not only for their global
distribution but also for the tail region. The results further show that the addition of the quadratic term of income velocity
leads to the nonzeromeans of the PDFs of income and income velocity. Due to the presence of the quadratic and cubic terms,
these PDFs have non-Gaussian distributions.
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Fig. 8. Comparison of stationary PDFs in the second example at T = 50: (a) PDFs of x; (b) Logarithmic PDFs of x; (c) PDFs of y; (d) Logarithmic PDFs of y.
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